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Knot Invariants

e Knots - embedded circles in R® (or S3)
e Identified via isotopy
e Main knot theory question: distinguish knots

Are two given knots isotopic?
Is a given knot equivalent to the unknot?

e Knot invariants - invariants under isotopy, or combinatorially
under Reidemeister moves
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Knot Invariants - classical invariants

Classical (3d geometry) invariants:

— Fundamental group - 71(S% \ K)
— Alexander polynomial

— Representations of the fundamental group

Marko Stogi¢ Knots and quivers



Quantum knot invariants

“Revolution” in 1980’s:

Jones polynomial, HOMFLY-PT, Reshetikhin-Turaev, quantum
groups, representations...
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Quantum knot invariants

“Revolution” in 1980’s:

Jones polynomial, HOMFLY-PT, Reshetikhin-Turaev, quantum
groups, representations...

Obtained from 2D projections of knots
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Quantum knot invariants

“Revolution” in 1980’s:

Jones polynomial, HOMFLY-PT, Reshetikhin-Turaev, quantum
groups, representations...

Obtained from 2D projections of knots

“Quantum geometry” (planar projections) vs. “Classical
geometry” (3D objects)

Marko Stogi¢ Knots and quivers



Jones polynomial and Khovanov homology
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Symmetrically colored HOMFLY-PT polynomials

Reshetikhin-Turaev invariants corresponding to s/(n).
HOMFLY—PT polynomials are 2-variable invariants of knots:

P(K)(a, q)-

They generalize original Jones polynomial:
There are colored versions

Pi(a,q), reN,

corresponding to Sym” representations.
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LMOV conjecture

Generating function of all symmetric-colored HOMFLY-PT
polynomials of a given knot K is:

1
P(x.2,q) =) Pra.qx" =exp | D ~fi(a"q")x" |,

r>0 n,r>1

N,,--ai /
faq) = Y Dri?®
i

qg—q!
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LMOV conjecture

Generating function of all symmetric-colored HOMFLY-PT
polynomials of a given knot K is:

1
P(x.2,q) =) Pra.qx" =exp | D ~fi(a"q")x" |,

r>0 n,r>1

N ;-aiqf
fr(a,q) = Z —e
r q—4q
J
One can easily get: N, ;; € Q
LMOV conjecture: N, ;; € Z l

N, j are BPS numbers. They represent (super)-dimensions of
certain homological groups. Physically, they “count” particles of
certain type (therefore are integers).
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Ingredient 2: Graphs (a.k.a. Quivers)

Quivers are oriented graphs (therefore a “collection of arrows"),
possibly with loops and multiple edges.

Qo ={1,..., m} — set of vertices.

Q1 the set of edges {a : i — j}.
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Ingredient 2: Graphs (a.k.a. Quivers)

Quivers are oriented graphs (therefore a “collection of arrows"),
possibly with loops and multiple edges.

Qo ={1,..., m} — set of vertices.
Q1 the set of edges {a : i — j}.

Let d = (d1,...,dm) € N be a dimension vector.
We are interested in moduli space of representations of @ with the
dimension vector d:

My = {R(a):(Cd" — CY\for all o i—je Ql}//G,

where G = []; GL(d;, C).
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Quivers and motivic generating functions

C is a matrix of a quiver with m vertices.

(—q)z’njjzl Ci,jdi(ij
Pc(X]_,...,Xm) = Z 5> —
dlv---,dm (q ! q )dl e (q ! q )dm

g-Pochhamer symbol (g% %), := 11 (1 — ¢*).
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Quivers and motivic generating functions

C is a matrix of a quiver with m vertices.

(—q)z’njjzl Ci,jdi(ij
Pc(X]_,...,Xm) = Z 5> —
dlv---,dm (q ! q )dl e (q ! q )dm

g-Pochhamer symbol  (¢%; ¢%), := 1, (1— 7).
Motivic (quantum) Donaldson-Thomas invariants th"':dm;j of a
symmetric quiver Q:

Pc = H H H (1 — (del .. .ngm)qi+2k+1>(_1)”19d1 ,,,,, d,,,u-'

(d1s....dm)#0JEZ k>0
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Quivers and motivic generating functions

C is a matrix of a quiver with m vertices.

(-9
Pc(X]_,...,Xm) = Z 5> —
dy, (9% 9%)er - - (6% 4°)

)Z?’,}a Cijdid;

g-Pochhamer symbol (g% %), := 11 (1 — ¢*).
Motivic (quantum) Donaldson-Thomas invariants Qg . 4,.; of a
symmetric quiver Q:

Pc = H H H (1 — (xldl .. .ngm)qi+2k+1>(_1)”19d1 ,,,,, d,,,u-'

(d1s....dm)#0JEZ k>0

Theorem (Kontsevich-Soibelman, Efimov)

Qq,.....dm:;j are nonnegative integers.
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Knots—quivers correspondence

[P. Kucharski, M. Reineke, P. Sulkowski, M.S., Phys. Rev. D 2017
— Editor’s Suggestion, ATMP 2019]

New relationship between HOMFLY—-PT / BPS invariants of knots
and motivic Donaldson-Thomas invariants for quivers

Q B

Figure: Trefoil knot and the corresponding quiver.

The generating series of HOMFLY-PT invariants of a knot matches
the motivic generating series of a quiver, after setting x; — x.

Marko Stogi¢ Knots and quivers



Application — LMOV conjecture

BPS/LMOV invariants of knots are refined through motivic DT
invariants of a corresponding quiver, and so

For all knots for which there exists a corresponding quiver, the
LMOV conjecture holds.
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Consequence 1 — Some divisibilities (integrality)

If pis prime, then:
3p-1
pl(Fa) -1
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Consequence 1 — Some divisibilities (integrality)

If pis prime, then:

pl () -1
2](3/3 1) - 1.
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Consequence 1 — Some divisibilities (integrality)

If pis prime, then:

pl () -1
2](3/3 1) - 1.

P32 ((3,;’_‘11) — 1). (extended divisibility — instanton numbers)
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Consequence 1 — Some divisibilities (integrality)

If pis prime, then:

pl () -1
p?| (P -1

P32 ((3,;’_‘11) — 1). (extended divisibility — instanton numbers)

If r € N, then 2|§ju( ) Geh.
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Consequence 1 — Some divisibilities (integrality)

If pis prime, then:

pl () -1
2](3/3 1) - 1.

P32 ((3,;’_‘11) — 1). (extended divisibility — instanton numbers)

If r € N, then 2|Zu( ) Geh.

(=D n=pip2-pr,
uiy = { O

Corresponds to the fact that DT invariants are non-negative
integers (in this case of the quiver of the framed unknot — one
vertex, m-loop quiver)
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Overview of applications in combinatorics

e Lattice paths counting and Schroder paths counting — classical
enumerative combinatorics problems.
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Overview of applications in combinatorics

e Lattice paths counting and Schroder paths counting — classical
enumerative combinatorics problems.

e Turns out to be related to (torus) knot invariants — colored
HOMFLY-PT polynomials.
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Overview of applications in combinatorics
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Overview of applications in combinatorics

e Lattice paths counting and Schroder paths counting — classical
enumerative combinatorics problems.

e Turns out to be related to (torus) knot invariants — colored
HOMFLY-PT polynomials.

e Via knots-quivers correspondence related to (motivic)
Donaldson-Thomas invariants of quivers.

e Gives rise to new formula for the lattice paths counts.
Refinement through integers.
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Overview of applications in combinatorics

e Lattice paths counting and Schroder paths counting — classical
enumerative combinatorics problems.

e Turns out to be related to (torus) knot invariants — colored
HOMFLY-PT polynomials.

e Via knots-quivers correspondence related to (motivic)
Donaldson-Thomas invariants of quivers.

e Gives rise to new formula for the lattice paths counts.
Refinement through integers.

e Also related to other combinatorial problems — billiard partitions.
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Lattice paths counting

Figure: A lattice path under the line y = 7x, and a shaded area between
the path and the line.

k=0 w€ k-paths k=0
00 00
k k
qu(X) — Z qarea(ﬂ')x — Z Ck(q)X .
k=0 we€ k-paths k=0
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Counting lattice paths — equivalent formulation

Figure: Counting of paths under the line y = %x is equivalent to counting
paths in the upper half plane, made of elem. steps (1,1) and (1,—2).
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Counting (rational) lattice paths

Surprisingly, colored HOMFLY-PT polynomials of torus knots are
closely related to the purely combinatorial problem of counting
lattice paths under lines with rational slope.
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Counting (rational) lattice paths

Surprisingly, colored HOMFLY-PT polynomials of torus knots are
closely related to the purely combinatorial problem of counting
lattice paths under lines with rational slope.

Generating function of the bottom row of colored HOMFLY-PT
polynomial:

P(K)(@:x) =14 > _ Pr(g)x’
r=1
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Counting (rational) lattice paths

Surprisingly, colored HOMFLY-PT polynomials of torus knots are
closely related to the purely combinatorial problem of counting
lattice paths under lines with rational slope.

Generating function of the bottom row of colored HOMFLY-PT
polynomial:

P(K)(@:x) =14 > _ Pr(g)x’
r=1

Observe quotient:
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Counting (rational) lattice paths

Surprisingly, colored HOMFLY-PT polynomials of torus knots are
closely related to the purely combinatorial problem of counting
lattice paths under lines with rational slope.

Generating function of the bottom row of colored HOMFLY-PT
polynomial:

P(K)(@:x) =14 > _ Pr(g)x’

r=1

Observe quotient:
P(K)(g: 4°x)
P(K)(g: x)
Finally, take g — 1 limit (" classical” limit):

- P(K)(q;
y(x) = lim W =1+ Zanx

Marko Stogi¢ Knots and quivers



Counting (rational) lattice paths

[M. Panfil, P. Sulkowski, M.S., Phys. Rev. D, 2018]

Proposition

Let r and s be mutually prime.

Let K = TS be the (rs)-framed (r, s)-torus knot.

Then the corresponding coefficients a, are equal to the number of
directed lattice path from (0,0) to (sn, rn) under the line

y = (r/s)x.
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Knots and quivers — results

This relationship naturally suggests a particular refinement of the
numbers a,.
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Knots and quivers — results

This relationship naturally suggests a particular refinement of the
numbers a,.

For example, for 2/3 slope, after computing the relevant invariants
(for the bottom row) of the T3 knot, and applying all the
machinery, we get that the matrix of a quiver corresponding to the

knot is:
7 5
5 5 |°
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Knots and quivers — results

This relationship naturally suggests a particular refinement of the
numbers a,.

For example, for 2/3 slope, after computing the relevant invariants
(for the bottom row) of the T3 knot, and applying all the
machinery, we get that the matrix of a quiver corresponding to the

knot is:
7 5
5 5 |°

7i+5+1 5i+5+1
3512/3) _ Z 'J 'J
7/—1-51—1-1 i J
i+j=n
n

B —5n+i+ Sn+i+1 i n—i )’
(rediscovered Duchon formula)
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Paths under the line with slope 2/3

3(2/3)22 1 7i+5+1 5/ +5j+1 .
" 4~ Ti+5/+1 i j
I+j=n

a3 . 1,223,377, ..

2| 5 120 252050375

o
—_
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Knots and quivers — results

New results: For 2/5 slope, i.e. T 5 the corresponding quiver

matrix is:
11 9 7
9 9 7
7T 7 7
2279 1

( 11i49j+7k+1 ) 9i4+9j+7k+1 ( Ti4+Tj+7Tk+1 )
L 11i+9j+7k+1 i j k
i+j+k=n

J
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Paths under line with slope 3/4

77 7 71 7
7 9 8 9 9

cGH=17 8 9 9 10 (1)
7 9 9 11 11
7 9 10 11 13

fpaths = = Agy(ihblab)x

W+ Flg=n
1 Th+Tly+ TR+ Tly+Tl5+1

X TR TR h )

o 1 (7/1 +9/2+813+9/4+915+1) "
T +9h+8RT0l +0/5 11 I

1 71 +8lp+913+914+10/5+1
X T +8l,+973+9; +10/5+1 ( I ) x

« 1 (7/1+9/2+9/3+11/4+11/5+1)X
THF9L F9R + 11+ 1T+ 1 Iy

1 7h+90y+1013+11/4+13/5+1
x 7/1+9/2+1o/3+11/4+13/5+1( s )
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A(3,2)(I1512:13,1a,15) = 1+28 1 +294 1341372 1342401 1 +33 Ip+693 Iy [p+4851 I lp+11310 17 )y +407 1545698 I 15+
+10043 171342223 13 +15561 Iy 13 +4536 15 +34 131714 1 13-+4098 17 I3+11662 /3 I3+838 I 5 +11732/; Iy lg +
14106212 Iy I3 +6860/2 13+48020/; 12 13+1864813 I3 +43113+60341 12+21119/2 1270511 12 +-49357 1y Iy 12

11213+686015 I3+ 1513+ 5 13+43113+6034/ I3+ 1347051k 153+ 1hi3+
2872812 124241413 +168981 I3 +196561 13 +5040/5 +3615 47561 I5+520212 [, +1234813 1, +8871 |
+ 513+ 3+ 13+ I3+ 3+36/4+ 14+ 1la+ 1 lg+ > Ig+
+1241811 Iy, 2 2 2 3 3 2 2 212
11l +4346317 Iy 14 +725813 14 +50806 11 13 1y +1971915 Iy +2129413 15 +48217 +67481 242361812 12+
9121314 +1276811 I3 1 +44688/2 I3 14 +1491415 f3 4 +10439811 Iy I3 14 +6073213 I3 [y + 765613 14 +535021y 12 14 +623071 /2 Iy +
78794 12 +5515317 Iy 12 43206713 12 +8086 /3 13 +56602/1 I3 12 +2368813 13 +6237 1§ +65772/ 1312 437 i
b Ip+ 1hlz+ 724+ 34+5 Wiy + 317+ 74+ 577 h i3l + TI5+777h I5+
2.2 3 3 3 2 3 2
+33705/3 124284413 + 1090811 [3 2312115 [3 +543013 I5 + 1269113 I +9120y I5 + 1276811 Iy I5+4468817 I s+
1746512 Ig +522551 12 I5 42028613 Ig +6952415 I3 12 43563012 12-+901014 12 +63070/y I 12 +39501/2 12 +250741 13
5 I5+ 11515+ 5 I5+6952415 13 15 +-35630/3 15 + 415+ 11415 +395011 15 +25074 b I5 +
+93813 /5 +1313211 I3 5 +45062/2 I3 I5 + 153421 f3 5 +-1073041y Iy I3 5 +6248213 13 5 +7877/2 I5 1308313 +21581/7 13 +
551391 /2 15 +6410615 /3 I +21910/3 I5 +9911y f5 + 138741y I3 I +485591 Iy I5 162041y Iy I5 7326915 I 12 +7506813 Iy 12 +
+1134281y by Iy Is +6596113 Iy I +16632/ Iy f5 + 1164241 I3 145 +13529615 I3y I +69335 2 I3 5 +25690/3 13 +
2 2 2 2 3 2 2 3
+BTTLIZ I5+6130711 17 I+ 713161 I3 5 +73066/3 3 I5 +-2564113 I +509/2 + 71261 12 +27027 4 13+

2,2 2 2 2,2 2 2 4
+24041/3 12+832515 |2 +5827517 I 2 +3389413 I2 +8546/3 12 5982211 I3 12 +6930/g .
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Schroder paths

Figure: An example of a Schroder path of length 6.
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Schroder paths and full colored HOMFLY-PT

Quiver corresponding to the full colored HOMFLY-PT invariants of
knots in framing f = 1
2 1
e=[i 1]

This corresponds to counting paths under the diagonal line y = x.
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Schroder paths and full colored HOMFLY-PT

Quiver corresponding to the full colored HOMFLY-PT invariants of
knots in framing f = 1
2 1
e=[i 1]

This corresponds to counting paths under the diagonal line y = x.
In this case we take specializations:

X1 — X, Xo — ax
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Schroder paths and full colored HOMFLY-PT

Quiver corresponding to the full colored HOMFLY-PT invariants of
knots in framing f = 1
2 1
e=[i 1]

This corresponds to counting paths under the diagonal line y = x.
In this case we take specializations:

X1 — X, Xo — ax
Then from the quiver generating function of C we get
y(x,a,9) =1+ (qg+a)x+ (q2 —|—q4—|—(2q—|—q3)a—|—az)x2 +...

with the height of a path measured by the power of x and the
number of diagonal steps measured by the power of a.
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Schroder paths and full colored HOMFLY-PT

Figure: All 6 Schroder paths of height 2 represented by the quadratic
term g2 + g* + (2g + g3)a + a? of the generating function.
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Schroder paths and full colored HOMFLY-PT

Figure: All 6 Schroder paths of height 2 represented by the quadratic
term g2 + g* + (2g + g3)a + a? of the generating function.

Counting problems and full HOMFLY-PT (not just bottom row) —
generalized Schroder paths under lines of rational slope
[M.S., Sulkowski, Nucl. Phys. B, 2025]
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Schroder paths and full colored HOMFLY-PT

Figure: All 6 Schroder paths of height 2 represented by the quadratic
term g2 + g* + (2g + g3)a + a? of the generating function.

Counting problems and full HOMFLY-PT (not just bottom row) —
generalized Schroder paths under lines of rational slope

[M.S., Sulkowski, Nucl. Phys. B, 2025]

There are extensions, so-called generalized knots-quiver
correspondence ([Ekholm, Kucharski, Longhi, 2023], [M.S., 2025].
Combinatorially, correspond to counting paths under lines not
necessarily passing through origin ([D. Djordjevi¢, M.S., 2025]).

Marko Stogi¢ Knots and quivers



Billiard partitions

[G. Andrews, Dragovi¢, Radnovi¢]
Motivated by the study of periodic trajectories of ellipsoidal
billiards in d-dimensional space.

Such trajectories have d — 1 caustics.
The set of caustics is essentially determined by a decreasing
sequence of nonnegative integers (billiard partitions):

ng>n>...>nNq-1,

such that

e The lowest part is even.
e Two consecutive parts cannot be both odd.

(no — period of the trajectory, other n; determine winding numbers.)
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Basis billiard partitions

Every billiard partition can be written as a sum of basis billiard
partition and a partition whose all parts are even.

Basis partitions are given by:
e The lowest part is 2.
e Two consecutive parts cannot be both odd.

e Consecutive parts differ by 1 or 2.
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Billiard partitions and quivers

The generating series for the basis billiard partitions is given by:

psa.q) =1+ 3 ps(mn)g" =143 s(d,n),

n>1,m>0 d=1 n=0

where

_ 2n—-d—1_2m—2dn—n+d?+2d n—1 .
s(d,2n) = a q [2n—d—1L2'

S(dv 2n + 1) = 22n_dq2”2_2dn—n+d2+3n n—1 ‘
2n—d 2
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Billiard partitions and quivers

Let Q be the following two-vertex quiver:

ey

The corresponding adjacency matrix C is

-[11]
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Billiard partitions and quivers

[Dragovi¢, M.S., Proceedings of AMS, 2024.]

The generating series of the even basis billiard partitions can be
written in the quiver form.

Moreover, the corresponding quiver is precisely the quiver Q.

Proposition

Let P3**"(q, a, x) be a generating series for even basal billiard
partitions. Let Q be the two-vertex quiver from above. Then after
setting

X1 = qSXa X2 = —aq3x,

we get that the quiver generating series of Q matches the
generating series for even basal billiard partitions

Pz%‘/en(q’ a,x) = PQ(X1>X2; q)\x1:q5x,X2:—aq3X' (3)

Marko Stogi¢ Knots and quivers



Billiard partitions and quivers

It was shown in [Panfil, Sulkowski, M.S.] that from the quiver
generating series of this quiver Q, one can naturally count the
Schroder paths — the lattice paths in the first quadrant below the
diagonal y = x, so that each step can be either to the right, up, or
diagonal:
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Fibonacci and Catalan numbers

Interesting fact:
— billiard partitions are natural refinement of Fibonacci numbers

— lattice paths naturally related to Catalan numbers.
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Thank you for your attention!
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