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Staerility and Genericity in Dynamical Systems

Discrete f:M - M Continuous F:M — TM
f(x)
f2(x)
f(x)e
Xe X
.

M compact, connected Riemannian manifold without Boundary
n times

——
fli=fofo.--of,neZ
ODE X! (x) = F(X!(x)) has solution the flow X':M - M
X!'is a dynamical system XO(x) = x and X5 (x) = XI(XS(x))

In the discrete case the dynamical system is f

In the continuous case the dynamical system is @enerated By F via ODE
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Staerility and Genericity in Dynamical Systems

First, we pick a property P that we'll work with (ea. transitive, minimal, eraodic, shadowing,
specification, mixing, aluing, expansiveness, .. .Y

C . _ X
First natural Question: Does our system satisfy P?

. - ) s .
Second natural Question: Do 'most’ dynamical systems have the property P?

L ’ ! ) .
Depending on the context, 'Mmost’ can mean open and dense, dense, or ceneric in the sense
of Baire’s 2™ cateaory (aka residual sets, dense Gg)
Baire’s theorem implies that in a Baire space, residual sets are dense

L S 1y T n
ldeally, we'd like the property to Be open and dense, thouah that's usually difficutt to achieve
Dense sets are tricky t0 work with, since their denseness doesnt survive intersections
R.esidual sets are nice 10 work with, since their denseness do survive intersections

.

Type of mathematical statements:

P is ceneric within a certain class of dynamical systems
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Staeility and Genericity in Dynamical Systems

Once we model a phenomenon using f, a natural Question arises: is the model staele?

A diffeomorphism f is structurally staele i any @' -nearey diffeomorphism g is topoloaically
conjuaate to f via 8 homeomorphism h,ie, hof=goh

M M
| [
M M

Aaain, we pick a property P that we'll work with

Natural uestion: Is property P C'-open?

1# not we can 'force’ and consider the C'-open set Up of dynamical systems satisfyina P
?

Up < structural stagility

Type of mathematical statements:
fe Up, then f is structurally stagle
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Pertureina Dynamical Systems

. . A
There's a popular joke amona non-dynamicists that proving resutts in dynamical systems is just
a matter of stretch, shrink, twist here and there, ... aive it a little push, and voild!
.
In fact, they are not far from the truth
(
Eranks' lemma: Let f: M — M se a C'-diffeomorphism on a compact manifold M. Then for any
finite set of points {xy,Xo, ..., Xk} € M and any linear maps
A M~ Tf(xl,)M
sufficiently dlose to Df(x;), there exists a C'-small pertursation g of f such that
g(xj) =f(x;) and Dg(x;)=A;, #$oralli=1,... k.
L ) . gy . 4
IN rouah terms this lemma allows one to adjust the derivatives of a diffeomorphism at
finitely many points while keeping the points themselves fixed
.

I# fis an area-preservina map on a surface, then A; € SL(2,R), and g must e also

area-preservina
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Pertureina Dynamical Systems

Claim: Structurally stagle area-preservina maps cannot coexist with elliptic periodie points
with areitrary larae period
J

(x) = x, DI"(x), o (Df"(x)), Unit cirdle: |A| = 1

R

.
let f:M—> Mege a C1 -area-preserving diffeomorphism on a
surface M and take an elliptic periodic point x with period n. Then for any finite set of points
{x, f(x),..., el (X)} € M and any linear maps A : Tff(x)M = Tiiv1 (X)M sufficiently close to
Df(f’ (X)), there exists a C'-small area-preservina perturgation g of f such that
g(f'(x)) = F(f'(x)) and Dg(f'(x))=A;, #oralli=0,...,n—1.
An—1 Apn—2 Ay A
.

—_————
Dg"(x) = Ap_1 0 An_n0-+-0A1 0 Ay = DF(f"1 (X)) Re 0 DF(F"2(x))Rey 0 -+ 0 DF(f(x))Rey © DF (x) Rex

S OD.D
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Pertureing Dynamical Systems

with areitrary larae period

In fact the linearized dynamics is susstantially different (rotation versus saddle)

WS

Claim: Structurally stagle area-preservina maps cannot coexist with elliptic periodie points

Bya C'-small pertureation of f, we ogtained a map g £or which the elliptic point x Became
hypergalie, thus cannot Be structurally staele

e ~
Y Dgy-y
2
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Pertureina Dynamical Systems

Question: But ... | would say that Franks’ Lemma seems rather trivial, doesn't it?

Pujals+Samearine LAnnals Math 20091 There exist a C? diffeomorphism f: M — M and a
neicheorhood U of fin the C? topoloay such that f has a sequence of periodic points pp,
with unBounded periods and one normalized eicenvalue of p, converaina to 1 and any

periodic point of g € U of period areater than 2 is hypersolic
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Pertureina Dynamical Systems

How arout Franks' Lemma for flows?

LEMMA 3.1. Given g9 > 0, Y € X2(M), an orbit segment Yio(p), @
neighborhood U of Y{,4(p) and a parametrized family of invertible linear maps
Ay i R? — R3, t € [a,b], C? with respect to the parameter t, such that

a) Ao =1d and Ay(Y (Ys(q))) = Y (Yers(9)),

b) 105 As1s A7 s=o — DY (Yi(p))|| < &, with & < e,

then there is Z € U, Z € X' (M) such that |Y — Z|| < €, Z coincides with Y in
MN\U, Zy(p) = Ys(p) for every s € [a,b], and DZ;(p) = A; for every t € [a,b].

Butif Ye Xﬁ is diveraence-free, can we cet Z € Xﬁ? (p =Leresaue)

Ves! B.+R ocha [JDE 20081
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Pertureation TechniQues in Adapted Coordinates

XM > M V-X=0

l CEMS CEMS

Volume-preserving diffeomorphism - B. 2007, Cristian Barearosie 20l

Trivialized flow (rectified flow)
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Linear Poincaré flow
Ps,DX'(x) - v
XX X(X'(x)

X(x)
2o
"4
- T = XXt
projection in the normal fiser sundle

* P; Dxt

x (%) = g ) -v

intearate  tancent flow Project
. o 35

X = oxt = P
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Hamirtonian flows

Hamiltonian H: M — R and a symplectic form w (dim(M) = 2m

(
Closed (dw = 0), nondecenerate antisymmetric gilinear 2-form
(
Hamiltonian vector field Xy: M — TM is defined By w(Xy(x), v) = dHx(Vv), VveTyM
. o ¢
Hamiltonian flow X, : M — M
.
HamiHtonian tanaent flow DX,{,: TM — TM. ldertify DX,t_, with 8 matrix in Sp(2n, R)
C . 1 i b
Restrict the dynamics to a eneray hypersurface £ = H™' ({e}) (dimE =2n-1)
.
Hamittonian linear Poincaré flow Pf_,:S/XH — E/Xy. ldentify Pf_, with a8 matrix in Sp(2n -2, R)
use w intearate tanaent flow project
. — -~ ¢ —~ P
H = Xy - Xj = oxf, = Pl
.

Notice we use 02 topology on the hamittonian H
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Famous Hamirtonian flows

Mechanical Hamittonians are of the form H(qg, p) = K(p) + V(Qq), where K is the kinetic
eneray and V the potential eneray

The @eodesic flow on a Riemannian manifold (M, g) can BE interpreted as the motion of a
free particle whose Hamittonian is purely kinetic H(g, p) = 3 g’/(q) PiPj»

The @eodesic flow for a Lorentzian metric (particular case of semi-Riemannian metrics)

The eodesic flow for a Randers metric (particular case of Finsler metrics) defined By
riemannian part drift
—_—— ——

F(x,v) = a(x,v) +pB(x,v)
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Challenaes in pertureing aeodesic flows

v
(x,v2) e T'M
Vi

Vi e

XeM

v
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Franks’ lenmma ... once again!

o Question: How aeout Franks' Lemma £or aeodesic flows?
- Contreras [Annals Math. 20101
o Question: How aeout Franks' Lemma £or aeodesic flows (semi-riemannian)?

CEMS
L 1 >

Answer: Yes! B +Lopes-Dias +Matias +Torres [PAMS 20251
e Question: How agout Franks' Lemma £or flat @eodesic £lows on eodies?
f(x
B 12(x)
e ey

Body

L

Answer: Yes! B +Lopes-Dias +&aivdo + Del Maano +Torres [Adv. Math. 20241
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Linear discrete -time cocycles

. : B .
Let’s descrige the aBstract context of linear coaydles in diserete time.
.

BASE OF THE COCMYCLE: Take an automorphism f: M — M preserving a measure L.

- Toke A:M — R™" with some reaularity [P, C°, Holder, C', . ..
o COCYCLE DINAMICS: A: M x R" — M x R" is defined By the skew-product:

A(x,v) = (f(x), A(x)Vv).
.

with iterations defined By: A o r
AT, v) = (F(x), (X)) V),

AO(X)V =vorall veR?,
AT(x) = AP (%)) .. A(f(x))A(x) for n>0
and

AT(x) = A" )T AT ()T #or n<o.
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Linear discrete -time cocycles

— — —
s & Ja
f
)| ———— M——— W —1"/
o The most natural example is to consider a diffeomorphism f: T” — T” and A = Df (jacorian).
— —_— —
z Iz i
THA.f_> Tn—f> Tn___f_>Tn

A"(x) = AU (X)) . . . A(F(x))A(x) Chain rule DF"(x) = DF(F™1(x)) . . . DF(F(x)) Df(x)
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Franks enter in the room

Df Df Df
e e A L e AN DA x R . ..

i & i
e m—" " '
A A A

THXRH_1) THXRH_2) THXRH—S)THXRH,,_

L s iz
e T—— Tt T g

Dg(x)=Aq Dg(g(x))=Az Dg(g?(x))=As

T'"xR?—— T"'xR? —— T?"xR" ——T"xR"...

R

. e = ] | . . .
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Lyapunov exponents

.

The spectral theory of a linear map A is well-known
.

The spectral theory of compositions like A" = A, 1 0A, 50-:-0A; 0 Ay when n — oo a very

challenaing proelem
.

i L log A"

i Liog A7
b4 , e 3 it

Under mild conditions on f (p-invariant) and on the limit

" 1 n
livm_~ log [|A”(x)]| =: A(A, f, x)
n—+oo n

exists for p-ae. x

CEMS
@ |} o)

Duarte — Towards staeility/continuity of Lyapunov exponents A — A(A)

CEMS
- ~

B — Lyapunov exponents ceneriaity (discontinuity)
Annals of Mather:
The Lyapunov exponents of generic
volume-preserving and symplectic maps

.

Ctaer\erlcauy chaotic Behavior is rare By Jamo Bocil and MARCELO VIANA™

How aeout this resuit for flows? Yes! B. (Lopes-Dias, R.ocha) 19 /20






